Threshold photon electroproduction off the proton allows one to measure new electromagnetic observables which generalize the usual polarizabilities. There are -a priori -ten "generalized polarizabilities", functions of the virtual photon mass. The purpose of this paper is to lay down the appropriate formalism to extract these quantities from the photon electroproduction cross sections.
Introduction
In this paper Virtual Compton Scattering (VCS) refers to the reaction ? + p ! + p; (1) where ? ; and p are respectively a space-like virtual photon, a real photon and a proton. This reaction can be accessed experimentally through photon electroproduction off the proton e + p ! e 0 + + p 0 : (2) In reaction (2) the final photon can be emitted either by the electron or by the proton. The first process is described by the Bethe-Heitler (BH) amplitude which is calculable from Quantum
Electro-Dynamics (QED). The second process is described by the Full Virtual Compton Scattering (FVCS) amplitude which, in the one photon exchange approximation, is a linear combination of VCS amplitudes.
Assuming that the one photon exchange approximation is valid, the BH and FVCS amplitudes correspond to the graphs shown in Fig.(1) . The potential interest of VCS has already been emphasized in the case where the reaction is hard enough to allow the use of perturbative Quantum Chromo-Dynamics (QCD) [1] . In particular, the interference between the FVCS and BH amplitudes may provide a stringent test of the phases predicted by QCD. However, in the hard scattering regime, the experimental difficulty is extreme and requires a new type of electron accelerator [2] with high energy (15 4 30 GeV), high intensity ( 50 A) and high duty cycle ( 100%).
In this paper we consider the kinematic regime defined by a center of mass (CM) energy (
The paper is organized as follows. In section 2 we specify the notation and kinematics, we define the amplitudes and give the expression for the cross section. We shall consider only the unpolarized case, the use of polarization being left to future work. In section 2 we also derive the general tensor expansion of the VCS amplitude which, in full generality, depends on 12 complex scattering coefficients, functions of the photons CM 3-momentum and scattering angle. Section 2
is not specific to the low energy regime. Section 3 presents the low energy expansion of the VCS amplitude. We explain how gauge invariance determines the first two terms of the expansion. In section 4 the GP's are defined through the expansion of the non Born part of the VCS amplitude over the basis of electric, magnetic and longitudinal vectors. We compute the GP's in a static model to illustrate the physical content of these quantities. The scattering coefficients of the non Born amplitude are then expressed, in the low energy limit, in terms of the polarizabilities. The reason for this intermediate step is that the observables are more naturally expressed in terms of the scattering coefficients. In section 5 we tentatively explain how the threshold cross section can be analyzed in order to obtain a linear system of equations for the GP's. Section 6 presents an estimate of the GP's in the constituent quark model and we conclude in section 7 with a few comments and a warning. The various appendices collect the technical material used throughout the paper.
Preliminary definitions

Notation and kinematics
It is possible to develop a covariant formalism [11] but, since we are interested in the threshold region, it is natural to work in the CM frame. Therefore, unless explicitly stated, all momenta, amplitudes and helicity states will refer to this frame. To simplify the notation the helicity or spin labels will be omitted whenever possible.
The initial electron, final electron and final photon have (4-momentum, helicity): (k; h), (k and (p 0 ; 0 ) respectively. In the low energy regime, there is no compelling reason to use the helicity to describe the proton spin state and since the (rest frame) spin projection is more usual we stick to this choice. We denote as q the 4-momentum of the virtual photon exchanged in the VCS process, that is q = k 0 k 0 : The spin projections are along b q, the direction ofq. We note with a roman letter the modulus of a 3-vector, e.g. q = jqj. We choose the coordinate system such that the 
In the following we shall neglect the electron mass (m e ) in comparison with its momentum.
In this approximation, the helicity is conserved at the electromagnetic vertex, which considerably simplifies the calculations. Of course one has to be careful in kinematic situations where the only surviving mass scale is m e . This occurs when the angle between the electrons, or between the final photon and the electron is comparable to m e =k: In practice these kinematic situations are irrelevant for the phenomenology of VCS, so we simply make the caveat that the following formulae must not be applied in this region. Finally the invariant quantities which appear frequently in the paper are 
Cross section
The S matrix for the (e; e 0 ; ) reaction is 
with the T-matrix a linear combination of the Bethe-Heitler (BH) and full virtual Compton scattering (FVCS) amplitudes:
The unpolarized, invariant cross section is (here the momenta do not necessarily refer to the CM frame and m is the mass of the proton) 
The last quantity is invariant under a Lorentz boost and we shall evaluate it in the CM frame. Note that eq. (8) 
In practice the experiment is performed by detecting the electron in coincidence with the proton, and the photon electroproduction event is tagged by a zero missing mass: (k + p 0 k 0 0 p 0 )
The corresponding differential cross section in the laboratory is then 
One photon exchange amplitude for photon electroproduction
In the one photon exchange approximation and in the Lorentz gauge, we have the following 
T F V CS = e 3 q 2 " 0?
where " 0?
(q 0 ; 0 ) is the polarization vector of the final photon and e ' p 4=137 is the proton charge.
There are several choices of form factor decomposition of the vertex 0 which are equivalent for on shell particles. We shall prefer Dirac decomposition:
because it simplifies the derivation of the low energy expansion of the VCS amplitude. The reason is that the Born term of the VCS amplitude satisfies gauge invariance if one uses this decomposition. This is not the case for the Gordon decomposition (
From QED perturbation theory one derives the following expression for the (non symmetric) 
(In the BH process the exchanged photon has momentum q 0 q 0 :)
The hadronic tensor H is actually the object under study. We must therefore avoid hypotheses which are too specific to any model. In fact, the only property really needed for the phenomenological analysis is that it satisfy gauge invariance, that is q 0
We take this for granted and use it as a constraint on the amplitude.
To focus our ideas it is nevertheless useful to have a more specific representation of H . For this we assume that the interaction of the photon with the hadronic current has the form
; (19) where J and S are independent of the photon field A . This form is general enough to encompass any reasonable model. The tensor S is a contact (or seagull) term which is generally present in any model of nucleon structure. It is most often generated by minimal substitution in a quadratic kinetic energy term, and thus is necessary for gauge invariance. Its contribution to H is simply
Using lowest order QED perturbation theory one then gets 
where H n is the strong interaction Hamiltonian.
The VCS amplitude
It is convenient to expand the lepton current in the basis of the polarization vectors where " is the usual polarization parameter in the limit m e = 0:
We then define the VCS amplitude by T V CS 0 0 ;
so that we can write 
The VCS amplitude is the main object under study. Its transverse part ( = 61) evaluated along the line q 0 = q (which implies Q 2 ! 0 due to energy conservation) is the real Compton amplitude. (Since the lepton current has been decoupled through eqs.(25, 26) , there is no risk in taking the limit Q 2 ! 0 in the VCS amplitude. This is not the case for the FVCS amplitude.)
Tensor expansion of the VCS amplitude
After the gauge degrees of freedom have been eliminated the real photon has two degrees of freedom ( 0 = 61), while the virtual photon has three ( = 0; 61). Combined with the spin of the nucleon this gives 24 amplitudes which are related in pairs by parity invariance. Thus for fixed (q; q 0 ; ), the VCS amplitude depends on 12 independent amplitudes. Time reversal gives nothing because q 6 = q 0 -except in the case of real Compton scattering. In the latter case the initial photon has 2 degrees of freedom which leads to 8 amplitudes, upon which time reversal imposes 2 further relations.
A convenient way to define the decomposition of T V C S into independent amplitudes is to use gauge invariance to write (i; j are spatial indexes) 
Note that the Lorentz condition has been used to obtain eqs.(27,28). For the real photon there is no difference between " 0 and e " 0 due to the transversality of the ( 0 = 61) vectors.
From eq.(27) we see that T V C S must be scalar with respect to rotations, and bilinear in the vectors" 0? ; ẽ ": It is also a 2x2 matrix in proton spin space. Therefore we write
with the Pauli matrices.
Under a reflection about the scattering plane,:ẽ (2) does not change while:ẽ (1);:ẽ (3)
both undergo a change of sign. Therefore 
Other combinations either involve 0? :b q 0 , which is zero, or can be written in terms of the s i or p i :
Now we consider separately the longitudinal ( = 0) and transverse ( = 61) amplitudes.
Longitudinal amplitude:
Since ẽ "( = 0) = 0 b q Q 2 =q 2 0 , we have the relations 
where the limit is taken by first setting q = q 0 and then letting the common value go to zero. Note that (; ) are often measured in Gaussian units. In this case one must use e 2 = QED ' 1=137 in eq.(36) to get our scattering coefficients (which do not depend on the proton charge).
Low energy regime
The tensor expansion of the previous section is valid at any energy and the scattering coefficients are arbitrary functions of (q; q 0 ; cos ). Now we study the low energy regime. More precisely we want to define an expansion of H in powers of q 0 . In this section we review how Low's theorem determines the first two terms of this expansion. We propose a rather detailed (re)derivation because it helps to define precisely the GP expansion which appears in the next term.
To define the low energy expansion one needs to separate the non-regular contribution due to the nucleon intermediate state in eq.(21). The remainder can then be expanded in partial waves.
However this separation is not gauge invariant, which makes the analysis of the non nucleonic part involved. This is why we add the minimum amount of extra terms to the nucleon contribution so as to make it gauge invariant. Those extra terms are of course subtracted from the non nucleonic contribution so that the total H is unchanged.
Preliminary lemma
We shall say that an amplitude is regular with respect to a generic variable q if, in the vicinity of q = 0, it can be expanded in powers of the 4-momentum q (rather than in powers of q 0 and q only). Thus, if T is regular we can write T = T (0) + T (1) q + T (2)+ 1 1 1
where the coefficients (T (0) ; T (1) ; T (2) ; . . .) are independent of q : For instance,:q is regular while:q =q is not, even though it is finite at q = 0: Note that what matters is that the amplitude can be written in the form (37). The fact that the energy component q 0 can be eliminated in favor of q is irrelevant at this stage.
We now use the notion of a regular amplitude to establish the following lemma.
Lemma
Let us assume that an amplitude, T , for the production of a real photon is regular with respect to its momentum q 
Since a is independent of q 0 , eqs.(40, 41) imply that a = 0, which proves the lemma.
Born and non Born amplitudes
To apply the lemma we must first separate the non regular part of H . This can only come 
Second, the nucleon state alone is not enough to have closure in the space of Dirac indices. This would prevent gauge invariance even for a point-like particle. The antinucleon contribution is necessary for completeness. To restore gauge invariance we proceed in two steps. 
and what we have just shown is that (H N 0 H B ) is regular with respect to q 0 . Obviously this is also true with respect to the momentum of the virtual photon.
Gauge invariance of the Born term
The last point is to establish the gauge invariance of H B as defined by eq.(53). Until now we have not used the explicit form of the vertex 0: The only restriction is that the same form must be used in the Born term and in the non Born term, because it is essential to establish the regularity of the latter. Now we use the vertex decomposition of eq. (14) from which we find 
Note that the cancellation between the two terms is due to the fact that the vertex defined in eq. (14) depends only on the difference of its arguments.
A similar derivation leads to H B q = 0: Apart from the limit Q 2 = 0, this is not useful as far as the low energy theorem is concerned, but it is necessary for the forthcoming developments. 
Low's theorem
Generalized polarizabilities
In this section we deal with the next term, that is the term of order q 0 , in the expansion of the amplitude. Part of this term comes from the Born amplitude, but this part is trivial and can be computed exactly. So we set it aside for the moment and consider, in this section, only the non-Born part of the amplitude.
Partial wave expansion of the non-Born VCS amplitude.
To where R is the rotation operator. By integrating both sides of eq.(64) over the rotation group and by using the well known formula for the integrals of rotations matrices [13] 
and using the time reversal properties of the hadronic tensor, it is straightforward to show that, below pion production threshold, the reduced multipoles are real.
Low energy behavior and Generalized Polarizabilities
As we want to define threshold quantities at finite q, we must consider the limit q 0 ! 0 at fixed arbitrary q, which we call the low energy VCS limit. At q 0 = 0, the virtual photon has energỹ q 0 = m 0 p m 2 + q 2 . Therefore if we let q go to zero, the initial photon becomes soft but it remains space-like because jq 0 j q 2 =2m < q. As a consequence the limit q ! 0 of VCS may not coincide with the limit along the real photon line, that is (q = q 0 ) ! 0 which is appropriate to real Compton scattering. For instance if we consider the Born term to leading order in q 0 , we get 
These two equations are formally identical since in the Compton limit q 0 =q 0 = 1, but experimentally this makes a difference since along the VCS limit jq 0 j q 2 =2m. As far as the Born term is concerned, this does not matter since we know how to compute it exactly. The problem becomes serious when one tries to define the polarizabilities. Since these are experimental quantities their limit when q ! 0 will actually correspond toq 0 q 2 =2m and therefore may differ from the same quantities measured in real Compton scattering. To resolve this problem we need to analyse the low energy behavior of the non Born multipoles.
To this end we use the fact that H NB has an expansion in powers of the 4-vectors q and q 0 .
For 
If the final photon is of electric type ( 0 = 2) we can use the fact that we are only interested in the leading behavior of the multipoles in q 0 . This allow us to relate them, for any , to the GPs already defined. Using the definitions of Appendix C and taking the appropriate linear combination of the electric and longitudinal vectors one derives the following relation (
When averaging overq 0 to compute the multipole, the second term in the previous equation 
Collecting the results of the above discussion, we can now summarize the low q 0 behavior of all the multipoles at arbitrary q: Table 1 and we see that, to describe the low energy behavior of the VCS amplitude, we need 10 GPs which are P (11;00)1 ; P (11;02)1 ; P (11;11)0 ; P (11;11)1 ;P (11;2)1 ; 
Expressions in a static model
To get some insight into the physical content of the GPs defined above, it is useful to have their expression in some simplified situation. For this we consider the limit of a very heavy nucleon so that all velocity effects, which go like q=m or q 0 =m, can be neglected. For simplicity we also ignore possible seagull terms.
To compute R from eq.(44) we need matrix elements of the form < X 0K0 jJ (0)jXK >= e i(K 0 0K):r < X 0K0 jJ (r)jXK > :
The state jXK > is obtained by boosting the state jX0 > to velocityK=K 0 . Thus the difference between jXK > and jX0 > generates only a velocity effect (recoil) that we neglect. The translationally invariant state jX0 > is proportional to the intrinsic state jX > normalized to unity:
jX0 >= xjX >; < XjX >= 1:
From the normalization convention of eq. (10) we get, in the zero velocity limit
where V is the normalization volume. Therefore we can write 
In the examples we have shown, it is clear that the virtuality of the photon means that we actually measure a transition form factor. In so far as a given GP is dominated by a single excited state, measuring this quantity amounts to measuring the corresponding transition form factor without really producing the state. This is likely to be the case for the 1(1232) which dominates P (11;11)0 because of the absence of radial dependence in the soft photon vertex.
Relation between scattering coefficients and generalized polarizabilities
The observables are most easily calculated in terms of the scattering coefficients defined in section 2.5. In this section we relate these coefficients to the GPs by a method analogous to the one used in the analysis of pion electroproduction reactions [15] . We define 
and similar relations for the real photon. Now we havẽ 
Note that, to shorten the expressions, the dependence of the GPs on q has been omitted in the above equations.
Analysis of threshold experiments
The aim of this section is to investigate how the (e; e 0 ; ) cross section can be analyzed in order to extract the GPs. For simplicity we consider non polarized experiments. We shall see that, in this case, only 4 independent combinations of GPs can be measured, but given that this field is just beginning, the analysis presented hereafter is sufficient to interpret the first generation of experiments. The case where polarization is measured is a straightforward extension of the material presented in this section.
Parametrization of threshold cross sections
We recall that the unpolarized cross section is 
where M is invariant under a Lorentz boost. We choose as independent variables (q 0 ; q; "; ; ') and denote with a tilde the value of the dependent variables at q 0 = 0 ( e.g. e q 0 = m 0 p m 2 + q 2 ). We assume that at fixed (q; "; ; ') the experiment determines M in the form 
The superscript LET reminds us that it is the part of the cross section which depends only on the 
The output of the experiment is then, first, a test of the low energy theorem in the form 
As announced, only 4 independent combinations of GPs, that is P LL ; P T T ; P LT ; P 0 LT , can be measured in an unpolarized experiment. Moreover, to separate P LL and P T T a measurement at 2 values of " is necessary. Since, up to a known factor, P LL is exactly the generalization of the usual electric polarizability (see eq.93), an experimental effort in this direction seems valuable. As is clear from eq.(118), the angular distribution depends only on 3 unknown coefficients:
"P LL +P T T ; P LT ; P 0
LT
. The interference between the BH and VCS processes is entirely controlled by the kinematic coefficients !; ! 0 ; ! 00 which have a known ( though non-linear) dependence on the angles and energies. Therefore, at least in principle, only a few (a priori 3) angular set-ups are necessary to extract "P LL + P T T ; P LT ; P 0 LT .
Generalized polarizabilities in a quark model
The aim of this section is to provide a first estimate of the GPs in a reasonably successful 
where m q is the constituent quark mass and (r n ; 0ir n ) are respectively the position and momentum of the quark n. We introduce the coupling to the photon by imposing the condition that the 
In order to obtain the correct spin dependence of the interaction we write 
This can be written in the form
where integration by part has been used to eliminate D andB in favor ofÃ and 
To simplify this first estimate of the GPs we again neglect, as in section 4. 
As explained in Sec. Though we have neglected all recoil terms to establish these equations, we have kept the q dependence of the energy denominators of the crossed term. This allows a cheap estimate of the size of the recoil corrections as q increases, by comparing with the results obtained when q is set to zero. We find that up to q = 0:5 GeV, the effect is always smaller than 5%, and can reach 20% at q = 1 GeV. Since this represents a second order correction, this is a warning not to trust our estimates beyond a few hundred MeV. In the figures we have plotted the results obtained with q = 0 in the energy denominators.
Our results are shown in fig.(2) . In this model only seven GPs are non zero, which is due to the lack of deformation and to the non relativistic approximations. When the final photon is magnetic, the corresponding operator is just the magnetic moment, which has no radial dependence.
As a consequence, only the 1(1232) contributes to the sum over intermediate states and the non relativistic charge density, which has no spin dependence, cannot connect the nucleon and the Due to angular momentum conservation, this is zero in the absence of deformation in the nucleon or delta states, which is an hypothesis of the model.
1(1232). This implies
Let us also mention that, due to the absence of a spin operator in the charge density, the spin flip GP P (01;01)1 would also be zero if we had neglected the energy difference between J = 1=2
and J = 3=2 partners. This is why this GP is numerically so small with respect to its non spin flip partner.
In the case of the P (11;11)0 polarizability we show separatly the contribution of the sum over excited states (referred to as para-magnetic) and the contribution of the seagull interaction (referred to as dia-magnetic). For the other GPs, the seagull does not contributes.
Conclusion
In this paper we have proposed a model independent analysis of low energy (e; e 0 ; ) reactions.
The output is concentrated in -a priori -10 generalized polarizabilities which are functions of q, the virtual photon momentum. The only hypothesis actually needed for this analysis is the gauge invariance of the hadronic tensor. The decomposition of this tensor in two independently gauge invariant parts, one of which is exactly known (H B ) while the other one is regular (H N B ) is not unique. A regular gauge invariant term can be traded from H B to H N B . This amounts to a redefinition of the polarizabilities and to avoid ambiguities or confusions we have been careful in defining H B and H N B . Our view is that while our decomposition is not unique it is well defined and does allow a meaningful comparison with any theoretical model. The reason is that, if the ten GPs are actually measured, then the complete VCS amplitude can be reconstructed up to and including order q 0 .
To actually measure the GPs, we have proposed a method to analyze the threshold (e; e 0 ; )
reactions. The value of this analysis is that it handles exactly the interference between the VCS and the BH amplitudes, which is not simple because exchanged photon is not the same in both processes.
To guide the analysis of the first experiments, we have made an estimate of the GPs in the non relativistic quark model. This is not a complete calculation since we have used simplifying approximations such as the neglect of recoil contributions. The latter increase with q and should be considered when q is larger than a few hundreds of MeV.
We also have omitted the contribution of the 0 exchange in the t-channel. The reason is that in the NRQM, the quark mass is assumed to be large, thereby explicitly breaking chiral symmetry.
So there is neither a compelling reason nor a clear way to introduce the pion coupling in this model. Moreover we recall that, according to duality arguments [17] , the sum over s-channel resonances contains implicitly the t-channel exchanges. If an effective model like the NRQM bears some resemblance with reality, one may expect some double counting if one adds the t-channel exchanges in an uncontrolled manner.
On the other hand we do know that the 0 exchange is present in the experimental GPs and, due to the small mass of the pion, this may induce rapid variations as a function of q. In an ideal experiment this would cause no problem but in the real case it may help to add the 0 exchange to H B and subtract it from H NB . The 0 exchange amplitude is by itself gauge invariant and regular in the soft photon limit [18] . Therefore this is the kind of term that one can freely trade from the Born to the non Born amplitude. This amounts to a well defined redefinition of the GPs and in this way the potentially dangerous variations due to the pion pole would be shifted to the known part of the amplitude, where they are innocuous.
To conclude we do not wish to hide the fact that a fruitful analysis of threshold 
Appendix B Polarization states and spinors
The unit vectors (ẽ(i); i = 1; 2; 3) of the CM frame are defined in the text.
The polarization states of a photon with momentumk arẽ 
They have the following useful properties Table 2 Mixing coefficients taken from ref. [11] .
The seagull term contributes only to P (11;11)0 . The contribution of the 1(1232) to this polarizability is referred to as para(magnetic), by analogy with the real Compton limit and the seagull contribution which has the opposite sign is referred to as dia(magnetic). 
